The catenary is the curve that a free-hanging chain assumes under its own weight, and thought to be a "true mathematical and mechanical form" in architecture by Robert Hooke in the 1670s, with nevertheless no significant phenomena observed in optics. We show that the optical catenary can serve as a unique building block of metasurfaces to produce continuous and linear phase shift covering [0, 2p], a mission that is extremely difficult if not impossible for state-of-the-art technology. Via catenary arrays, planar optical devices are designed and experimentally characterized to generate various kinds of beams carrying orbital angular momentum (OAM). These devices can operate in an ultra-broadband spectrum because the anisotropic modes associated with the spin-orbit interaction are almost independent of the incident light frequency. By combining the optical and topological characteristics, our approach would allow the complete control of photons within a single nanometric layer.
INTRODUCTION
As a quantum mechanical description of photons, optical angular momentum is crucial for many classic and quantum applications (1) . In 1936, Beth first demonstrated that circularly polarized light (CPL) has spin angular momentum of ±ћ per photon (2) . Subsequently, in 1992, Allen and co-workers (3) recognized that helically phased beam with Ф = lφ has quantized orbital angular momentum (OAM) of lћ, where l is known as topological charge. Since then, angular momentum freedom has drawn increasing attention from many realms, including superresolution imaging (4), optical micromanipulation (5), optical communications (6, 7) , and detection of rotating objects (8) . Nowadays, light beam carrying OAM can be created by using various optical elements, such as spiral phase plates (9) , computer-generated holograms (1), glued hollow axicons (10) , form-birefringent elements (11, 12) , microscopic ring resonators (13) , and two-dimensional (2D) nanoantenna arrays (the so-called metasurfaces) (14) (15) (16) (17) (18) (19) . In particular, the metasurfaces offer great advantages owing to their low profile and high degree of integration. Owing to the spin-orbit interaction in spacevariant anisotropic metasurfaces (12, 15, 19) , CPL can be converted to its cross-polarization state along with the OAM generation, whereas the sign of the OAM is determined by the handedness of the CPL. When the space-variant material is composed of half-wave plates with a rotating optical axis, the CPL can be completely converted (12, 15) . However, the thickness of traditional wave plate is often much larger than the operating wavelength as a result of the weak anisotropy (12) .
Besides these inhomogeneous anisotropic media, it is also well known that chiral structures can interact strongly with CPL and manifest handedness-dependent phase modulation properties (20) (21) (22) (23) (24) (25) . The handedness-dependent response of gradient metasurfaces can be considered as one kind of scattering circular dichroism (26) , owing to the similarity between chirality and spin-orbit interaction. Nevertheless, because of the resonant nature of chiral materials, it is difficult to achieve broadband performance.
In this work, we present a methodology that makes use of metallic structures similar to the natural catenaries to generate a geometrical phase with spatially continuous and spectrally achromatic distribution. The geometric phase is solely determined by the surface structure because it results from the spin-orbit conversion (12, 27) but not the phase accumulation along the optical path (28) or impedance transitions (29, 30) . On the basis of the unique features of a single catenary, we constructed arrays to generate OAM beams with various kinds of phase distributions. The simultaneous phase control over the azimuthal and radial directions suggests that our strategy is universal for almost arbitrary 2D phase profile.
RESULTS
As shown in Fig. 1A , we describe the optical catenary by the closed area formed by two individual curves with a shift of D along the coordinate axis. Such curves are inspired by the spin-orbit interaction in inhomogeneous anisotropic material (12) and rigorously derived by integrating the predefined phase function of space-variant shallow gratings (see Supplementary Text and fig. S1 ). Different from (12) , the optical catenary does not require the anisotropic material to be a half-wave plate; thus, the thickness could be reduced to tens of nanometers. Owing to the constant phase gradient along the x direction, the corresponding curve might be denoted as "catenary of equal phase gradient" similar with the mechanical "catenary of equal strength," which was first derived in 1826 by Davies Gilbert (31) 
where L is the horizontal length of a single catenary. In the catenary (aperture or its complementary structure), the inclination angle between the curve tangent and the x axis, x(x), varies from -p/2 to p/2 between the left and right endpoints, yielding a linear geometric phase as a result The polarization-dependent geometric phases make the catenary into a compact beam splitter for CPL, which is typically constructed by 3D chiral structures (32) . It should be noted that the geometric phase in catenary is free of discrete phase sampling as in the case of nano-antenna arrays (14) . The elimination of discreteness implies that it is possible to move an important step toward the metasurface-assisted law of reflection and refraction (14, 33) . Furthermore, the geometric phase in the catenary aperture is intrinsically linear, whereas other deformed shapes, such as crescents and parabolas, are characterized by large-phase nonlinearity, as can be directly calculated using the tangent angles (Fig. 1B) .
In principle, owing to the gradient phase distribution, even a single catenary aperture can alter the propagation path of the CPL beam. By arranging the catenaries in various forms, it is possible to obtain an arbitrary phase distribution, such as that featured by spiral phase plates, axicons, and lenses (Fig. 1, C to E) . Without the loss of generality, three kinds of phased beams are considered: an ordinary OAM beam, a highorder Bessel beam (HOBB), and a focused beam carrying OAM. The ordinary OAM beam has a spiral phase along the azimuthal direction. The catenary curve in polar coordinates (r and φ) can be derived to represent the corresponding surface topography (see section S1 of the Supplementary Materials for details)
where r 0 defines the location of the vertex of the innermost curve, D is the distance between two vertexes at adjacent curves, and m is the index number of these curves. Following Eq. 2, one can use the catenaries to produce OAM beams with arbitrary topological charge. As an example, a sample with topological charge of l = −3 for LCP illumination (s = 1, the topological charge is reversed from l to -l for opposite circular polarization) was fabricated via focused ion beam (FIB) milling on a 120-nm-thick gold (Au) film ( Fig. 2A) , where values of D and r 0 are 200 nm and 1.5 mm.
Under CPL illumination, the catenary apertures simultaneously generate two kinds of beams with approximately equal intensity, one uniformly phased and the other helically phased with opposite handedness (second column of Fig. 2A ). On the basis of the interference effect, the topological charge of the OAM can be directly identified, without the use of additional interference beam (1) . In the experiment, we adopted three laser sources at l = 532, 632.8, and 780 nm to investigate the broadband performances. The third column of Fig. 2A represents the intensity patterns for different wavelengths and polarizations, which were recorded at a few micrometers away from the sample and in agreement with the theoretical results obtained by vectorial diffraction theory (see the last column of Fig. 2A ) (34) . For the x-and y-polarized components, the intensity patterns are manifested by rotating petals encircling the beam centers, where the modulus and sign of l are determined by the number and twisting direction of these petals.
To validate the universal applicability of our approach, we fabricated and characterized two additional OAM generators with topological charges of l = −6 and 12 (s = 1). As we expected, the agreement with theory is good except for some background noise (Fig. 2, B and C) . Subsequently, we measured the conversion efficiency h, defined as the ratio of the beam carrying OAM to the overall transmitted power (eq. S8). As depicted in Fig. 3 , the mean values for l = 532, 632.8, and 780 nm are 23.2, 39.8, and 54.4%, exhibiting at least 30-fold enhancement compared with that in circular nanoslits (16) . In principle, the efficiencies can be further increased by using additional reflective layers z ( m) (17, 18). As an alternative to metallic catenaries, high-index dielectric material can also be used to construct all-dielectric catenaries to enhance the energy efficiency (15) , although the operating bandwidth would be limited by the resonant nature. Hereafter, we implement the catenary array to generate the HOBB and focused OAM. The introduction of the Bessel-type radial phase distribution would enable diffraction-free transfer of OAM states, whereas the focused OAM beam has potential application in subdiffraction imaging and micromanipulation. Following the design procedure in fig. S1 (B and C), another two catenary samples were fabricated (Fig. 4, A to C) . The predefined phase distributions in the sample plane are as follows
where k = 2p/l is the wave number in vacuum. The design parameters are k r = k·arcsin(l/L), L = 2 mm, l 1 = 3, l 2 = 2, and f = 40 mm. The inner and outer radii, defined as r 1 and r 2 , are 7.1 and 20.7 mm for the HOBB generator, and 10.6 and 20.8 mm for the OAM lens. The transmitted intensity patterns at l = 632.8 nm were measured using the homebuilt microscopy under RCP illumination (s = −1). As shown in Fig. 4D , the intensity distribution along the propagation direction reveals the two main characteristics of the HOBB, that is, the diffractionfree property and the intensity singularity. The intensity map for the planar OAM lens (Fig. 4E) , however, is more constrictive along the propagation direction. For the two kinds of devices, the measured centerto-center distances of the doughnut-shaped intensity patterns at z = 40 mm are 2.843 and 1.895 mm, which are a bit larger than the theoretically expected 2.54 and 1.56 mm.
CONCLUSION
The most amazing property of the catenary-based OAM generators is their ability to achieve achromatic performance, which can be concluded from the following two observations. On the one hand, the geometric phase is intrinsically independent of the operating frequency according to its definition (F = 2sz). On the other hand, the conversion efficiency h is also nearly achromatic, especially when the characteristic dimension is at deep-subwavelength scale. To demonstrate the latter conclusion, the efficiencies for both the catenary apertures and discrete antennas were calculated using commercial software CST Microwave Studio, where the unit cells (cells A and B) were chosen as shown in Fig. 5 (A and B) . To increase the accuracy, the measured permittivities for gold and SiO 2 substrates were adopted (35) in the numerical simulations. It should be noted that the width w is changing all over the catenary; thus, the period of cell A (p = 2w) varies correspondingly (Fig. 5A) . As can be seen in Fig. 5C , the efficiencies of cell A for p = 100 to 400 nm are depicted in a region shown in gray (the lower envelope of this area corresponds to the lowest efficiency), whereas the results for cell B are evaluated for only p = 400 nm. Obviously, the operating bandwidth of the catenary is far beyond that of the discrete antennas, especially in the low-frequency regime. It should be noted that the simulation results obtained from the unit cells represent only an approximation to the real space-variant transmission. Nevertheless, this method provided a simple way to predict the electromagnetic responses, which was widely used in related research (15, 17, 18) .
To explain the physical mechanism of the achromatic h, the electromagnetic modes for the two unit cells are shown in Fig. 5 (D and  E) . Resorting to the optical nanocircuit theory proposed by Engheta (36), we found two orthogonal modes in the catenaries, one inductive and one capacitive, along the main axes. Because the inductive and capacitive modes are related to the achromatic rejection and transmission, one can expect that h is nearly a constant in an ultra-broadband spectrum (see eq. S8). The fluctuation in the visible region is because the unit cell of the catenary has a period close to the operating wavelength; thus, there is an obvious amplitude modulation effect. By treating the catenary as a space-variant grating, we evaluated the transmission coefficients at different locations for both the copolarized and cross-polarized CPL. As shown in fig. S2 , both transmission coefficients are dependent on the width of the catenary, and the fluctuation of the copolarized light is a bit larger than its cross-polarized counterpart. At the low-frequency regime, the amplitude modulation effect is much weaker, because the period is in the deep-subwavelength scale and the metals behave more like perfect electric conductors (14) . As a result, we can expect that if smaller structures are adopted, the amplitude variation can be eliminated.
The periodic change of the amplitudes has two effects: first, for cross-polarized light, the generated field distributions will depart from the ideal case, owing to the additional amplitude modulation; second, for copolarized light, the periodic variation of amplitudes will lead to obvious diffraction. To illustrate these phenomena, we measured the intensity patterns of both the cross-polarized and copolarized compo-
Frequency ( nents for a sample designed to generate OAM of l = ±1. As shown in fig. S3 , the cross-polarized intensity departs slightly from the calculated doughnut shape, whereas the copolarized component results in a triangular diffraction pattern (details are discussed in the Supplementary Materials).
In summary, we have theoretically predicted and experimentally demonstrated the intriguing properties of the optical catenaries, which are structures well known in the natural world and widely exploited in architecture but still unfamiliar to optical researchers (37, 38) . The perfect OAM demonstrated here, with spatially continuous and spectrally achromatic phase distribution, will allow a revolution of the state-of-the-art techniques with applications such as optical micromanipulation and high-speed photonic communications. As a direct extension of these findings, novel optical functionalities such as giant enhancement of polarization selectivity (32) and achromatic light routing (39) could be enabled.
MATERIALS AND METHODS

Numerical simulation
The unit cells were simulated using the finite element method in CST Microwave Studio. Two Floquet ports are placed at the +z and −z directions, respectively. The port at the −z direction is attached to the bottom of the SiO 2 substrate, which has a thickness of 1 mm. The distance between the sample surface and the port at the +z direction is also set as 1 mm.
The propagation of the OAM beam was simulated by using vectorial angular spectrum theory (34) . In all the calculations, we assume that light is propagating along the +z direction. When the electric field distribution at z = 0 is known, the vectorial electric field at any plane with z > 0 can be written as follows E x ðx; y; zÞ E y ðx; y; zÞ E z ðx; y; zÞ 
and
E x ðx; y; 0Þ E y ðx; y; 0Þ Â expð−i2pðm 1 x þ n 1 yÞÞdxdy ð5Þ
q are the spatial frequencies, k x and k y are the wave numbers along the x and y directions, l = l 0 /n is the wavelength in free space, and n is the refractive index of the background medium.
Sample fabrication
All the samples were fabricated on 1-mm-thick quartz substrates. A 3-nm-thick Cr film and a 120-nm-thick Au film were subsequently deposited on the cleaned substrates by magnetron sputtering in a same sputter chamber. The sputter deposition rates for Cr and Au were R Cr ≈ 0.83 nm s −1 and R Au ≈ 0.92 nm s −1
, respectively. The Cr film was used to improve the adhesion between the Au film and the substrate. Catenary arrays were then milled on the Au/Cr film using a Ga + FIB (FEI Helios NanoLab 650), and the accelerating voltage and current of the Ga + beam were set as 30 kV and 24 pA, respectively.
Optical setup
All measurements were performed on a homebuilt microscope in transmission mode. First, the incident collimated beam was converted into CPL via the combination of a polarizer and a quarter-wave plate. The transmitted intensity patterns were imaged by using a 60× objective lens and a tube lens, and collected by a silicon-based charge-coupled device (CCD) camera (1600 × 1200 pixels, WinCamD-UCD15, DataRay Inc.). For the measurement of the OAM generators, the interference patterns were filtered by a rotatable polarizer before the CCD camera to obtain the x and y components. For the measurement of copolarized and cross-polarized transmission, a quarter-wave plate and a polarizer were used.
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